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Nonadiabatic and Three-Dimensional Effects in Compressible
Turbulent Boundary Layers

Richard W. Barnwell*
NASA Langley Research Center, Hampton, Virginia 23665

A defect stream function formulation for nonadiabatic flow with small crossflow is developed. The first-inte-
gral property of this formulation provides for the removal of the streamline curvature term in the governing
equation so that the form of the reduced equation for small crossflow is the same as that for two-dimensional
flow. The combined law of the wall and wake is used in place of the no-slip boundary condition. A three-
dimensional law-of-the-wall formulation is used to develop a closed-form solution for the crossflow angle near
the wall. Analytic solutions for nonadiabatic, compressible, equilibrium flow with a Clauser outer-region
eddy-viscosity model are obtained, and excellent agreement with experimental skin friction and velocity profile
data for nonadiabatic, compressible flat-plate flow is achieved. An analytic solution for a linear inner-region
eddy-viscosity model is also obtained; the wake function part of this solution is found to be inconsistent with
the empirically established law of the wake. All comparisons with experiment are for two-dimensional equi-

librium flow.

Introduction

ECENTLY, Barnwell and Wahls' developed an analytic

solution for adiabatic, compressible, turbulent bound-
ary-layer flows for which the profile of the deficit in velocity
from the edge value normalized with the shear stress velocity
is invariant to displacement in the streamwise direction in the
outer region. Such flows, which are said to be in equilibrium,
were originally studied experimentally by Clauser.?? Flat-plate
flow is an example. The equation that the analytic solution of
Ref. 1 satisfies is an approximate form of the defect stream
function equation for compressible boundary-layer flow. A
principal advantage of the approximate equation is that it can
be reduced to a second-order differential equation by means
of a first integral. Wahls* and Wabhls et al.’ have shown with
extensive numerical comparisons that solutions to the approx-
imate form of the defect stream function equation agree re-
markably well with solutions to the full-equation form. Wall
boundary conditions are imposed by joining the analytic solu-
tion for the outer region to an empirical expression for the
inner region composed of the laws of the wall and wake. A
similar, simpler approach was used by Clauser? for incom-
pressible flat-plate flow. )

The application of the defect stream function formulation
to the numerical solution of compressible flow is a generaliza-
tion of a similar treatment for incompressible flow$ that is
based on the earlier analysis of Mellor and Gibson.” The
principal difference in the methods of Refs. 6 and 7 is the
manner in which the surface boundary conditions are im-
posed. Rather than use an empirical analytic expression in the
inner region, Mellor and Gibson solved that region numeri-
cally using an inner-region eddy-viscosity model. The resulting
solutions were difficult to implement and deviated from the
experimentally observed laws of the wall and wake but agreed
closely with experiment on skin friction. The method of Ref.
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6 successfully overcame these disadvantages while maintaining
the advantages.

The present paper presents results on three topics in turbu-
lent boundary-layer analysis. These topics include the law of
the wall for three-dimensional flow, the solution of nonadia-
batic compressible flow, and the effectiveness of linear eddy-
viscosity models in the inner region.

The Boussinesq approximation and a three-dimensional
law-of-the-wall concept are used to derive a closed-form ex-
pression for the crossflow angle near the wall. In addition, the
approximate second-order defect-layer governing equations
for two dimensions and three dimensions with small crossflow
are found to be the same.

The analytic solution of Ref. 1 for compressible turbulent
equilibrium flow is extended to include nonadiabatic effects.
Excellent agreement with experiment is demonstrated for sev-
eral nonadiabatic, compressible, flat-plate flows.

The author has long been concerned about the redundancy
and possible inconsistency of using both an eddy viscosity and
the laws of the wall and wake in the inner region. An analytic
solution is obtained for a linear inner-region eddy-viscosity
model. This solution is inconsistent with the law of the wake
and not completely compatible with the law of the wall.

Analysis
The zero-order defect equation for nonadiabatic compress-
ible turbulent boundary-layer flow with small crossflow is
derived, and the equilibrium form of this equation is solved in
closed form. This solution pertains for all pressure gradients
in the speed range from incompressible to supersonic and for
small pressure gradients in the hypersonic range.

Physical Model

The continuity and tangential momentum equations for three-
dimensional, compressible, turbulent boundary-layer flow are
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where the Boussinesq approximation has been used to model
the turbulent shear stress terms. The x and z coordinates are
the streamwise and stream-normal coordinates at the bound-
ary-layer edge, R is the boundary-layer edge streamline radius
of curvature, y the coordinate perpendicular to the surface, p
and p the pressure and density, and x and g, the viscosity and
turbulent eddy viscosity. The velocity components in the x, y,
and z directions are u, v, and w, respectively. Define the
tangential velocity and tangential flow angle relative to the
boundary-layer edge streamline as ’

= [u? + w?]*%, 6 =tan~ ! (w/u) 4

Equations that govern U and 6 are derived from Eqs. (2-4) as

au v oU
cos 0 pU~— + pv— + sin 0 pU— + cos 6—@ + sin 02‘0—

ax ay 0z dx 0z
=% {(u + m)%—;]} (B +up)U <§ﬁ> (5)
cos 6 puzgg + vag—;) + sin § 9022—2 —sin 0%’)—: + cos 0%
+ p%/; {cos 0+ Z—I; sin 0} =2(u+ m)%(_J?
i o]

In the defect part of the boundary layer, the viscosity p is
neglected and the eddy viscosity is modeled as

w =K pU,d7 @)

where K gan be a general nondimensional function of x, y, and
z, and 8% is the incompressible displacement thickness, which
is sometimes called the velocity thickness. In this treatment, K
will be given the value of the Clauser constant k in the outer
part of the boundary layer.

The modified Crocco equation for nonadiabatic walls,

Tw 14 (Taw - Tw) U ('Y - 1) U2
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is used as the energy equation, where T is the temperature, the
subscript w designates properties of the wall, T, is the adia-
batic wall temperature, -y the ratio of specific heats, c the local
speed of sound, and r the recovery factor. In this treatment,
the recovery factor will be evaluated as r = Pr”*, where Pr is
the Prandtl number. ’

Three-Dimensioan Law of the Wall

Several law-of-the-wall concepts for three-dimensional flow,
which involve different tangential-velocity expressions, are
discussed in Ref. 8. The concept of Prahlad® employs the
expression U used here. The law-of-the-wall form of Eq. (5) is
the limiting form as the velocity vanishes near the wall:

ap op
cos Oa + sin e—z =— Z(u u,)—}

The flow angle gradient 96/3y does not appear. The pressure
gradient is in the local streamwise direction, as in two-dimen-
sional flow, and has only a higher-order effect. The principal
term, the term on the right, is identical to that for two-dimen-
sional flow and has the first integral

aUu
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where 7,, is the wall shear stress. All pressure-independent laws
of the wall including those for three dimensions satisfy an
equation of this form.

In general, three-dimensional law-of-the-wall behavior in-
cludes a variation in flow angle with distance from the wall at
all distances from the wall. The limiting form of Eq. (6) for
the tangential flow angle is
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The solution is
tan{%2(6 — ¢)} =tan { V2(0,— })} e ~ P ¥/2m

where the pressure-gradient magnitude p ’ and the angle ¢ be-
tween the pressure gradient and boundary-layer edge stream-
line are defined as
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This is an inner solution that pertains only near the wall. It
cannot be used for large y where it indicates erroneously that
6 approaches ¢ rather than zero asymptotically; this limitation
occurs because the second-order derivative in the differential
equation for 6 is removed by the approximation process so
that the outer boundary condition cannot be enforced. This
solution predicts that the tangential velocity will continue to
change direction all the way to the wall unless 6,,, the flow
angle at the wall, and ¢, the direction angle of the pressure
gradient, are the same. In that case, the tangential velocity and
the pressure gradient are aligned throughout the inner part of
the boundary layer so that the flow angle does not change.
These results may explain why some three-dimensional bound-
ary layers appear to be two dimensional near the wall and
others do not. Note that the assumption that the tangential
velocity and shear stress vectors are aligned is implicit in the
Boussinesq approximation. '

Small Crossflow Approximation
For small crossflow, Eq. (5) becomes

U U au, a 19
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and Eq. (1) for mass conservation becomes
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where the subscript e designates properties at the boundary-
layer edge. Cooke!© first obtained these equations and noted
that they are analogous to those for axisymmetric flow. In the
present treatment, a first integral to the governing equation is
obtained that eliminates explicit dependence on R and makes
the small-crossflow, three-dimensional problem analogous to
the two-dimensional problem.

Defect Stream Function Formulation

The defect formulation of Clauser? is modified to account
for compressibility. The defect stream function flx,z,9
(x,y,2)] is defined as

af U-U,
™ =" (12)
where
117 p
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The shear stress velocity u* is

u* = [ra/pul"

and the boundary-layer thickness parameter A is defined so
that the profiles of the nondimensional defect velocity
(U,— U)u* vs 5 will be self-similar for equilibrium flow. The

equation is

*U,-U U,
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where the density-weighted velocity thickness &% is
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The zero-order governing equation for f is obtained from
Eq. (10) in the limit of small ¥ */U,. The derivatives of U are
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The normal mass flux is obtained from Eq. (11) as
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so that this derivative can be neglected. The density ratio p./p
is obtained from Eqs. (8) and (12) as
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To the lowest order, Eq. (10) is
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The dot represents differentiation with respect to x, and the
pressure-gradient parameter 8 and the ratio o are defined as
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There are two surface boundary conditions and one far-
field boundary condition. The shear stress surface boundary
condition is obtained from Egs. (7), (9), (12), and (13) as

. 2 52
e () 5%
7=0 e/ O Pe

From the equation for the normal mass flux pv, it is concluded
that f vanishes at the surface:

f(,0)=0

The far-field condition is obtained from Egs. (12-14):

® 9
A= —-A S (—fdn = A[f(s,0) — fu(s)]
0o 0N

It follows that
foo(s) =-1

With these boundary conditions, Eq. (16) can be integrated
across the boundary layer to obtain
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This equation, which pertains for small crossflow, is identical
to the two-dimensional version; the explicit streamline curva-
ture effect was removed when the first integral was taken.

The strong dependence of the coefficients of Eq. (17) on the
ratio p./p, can be removed with the transformation

s 7]
SETERACR
Pe Pe.
The resulting governing equation for f is
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The expressions for the ratio w = 8% /8% and the density
ratio p./p can be simplified. Equation (15) can be written as
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where
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The last term in Eq. (19) varies as (#*/U,)? and can be
neglected. For edge Mach numbers from incompressible to
supersonic, the parameter ¢ is of the order u*/U, so that p./p
is approximately 1 and Eq. (18) for f is linear. However,
because this parameter has the asymptotic form

T\ [rly = 17" u*
~(r+ ) |2 M,
‘ < Tw)[ 2 [

where M, is the edge Mach number, it is not small for large
values of M, and cannot be neglected. The most general ap-
proximate form of Eq. (19) is

M, > 1

a
oY 0)
0 a1

The corresponding approximate form for w is

&% ® (ar\2
w=~—;=1+e§ (—f> d7 21)
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Coles!! used the parameter Mﬁ,Cf, where M, is the free-
stream Mach number and Cyis the skin-friction coefficient, to
correlate compressible boundary-layer data. This parameter
corresponds to €2

Wahls* and Wahls et al.’ have shown that numerical solu-
tions to the nonlinear equilibrium form of the present equa-
tion and the equilibrium form of the exact equation are virtu-
ally the same for adiabatic flow. These results indicate that the
present approximate equation, which is much simpler than the

exact equation, is an effective governing equation for the
flow.

An additional transformation is needed to obtain a govern-
ing equation that is linear in the hypersonic range. Note that,
with Eq. (20), Eq. (18) can be written as

af o df f_ _
o = oK an<p an>+(l+23)" f—1 (22)

The additional transformation is

In these coordinates, Egs. (20) and (21) are

0 af
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Pe 01

w=1+¢ 1+e— -— 1] d
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and Eq. (22) for f becomes
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This equation is linear if the inequality

Tow
2l -r)| =
+2[ r](Tw
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is satisfied. This inequality is satisfied for all pressure gradi-
ents in the incompressible to supersonic range and for small
pressure gradients in the hypersonic range. The inequality is
also satisfied for all adiabatic flows with a recovery factor of 1.

Equilibrium Outer Solution

Clauser?? defined turbulent boundary layers with pressure
and skin-friction forces that are proportional along stream-
lines to be in equilibrium and showed that the defect velocity
profiles at different streamwise stations are self-similar. The
defect stream function f has no streamwise variation for such
flows so that the left side of Eq. (23) vanishes. Mathemati-
cally, this null value can occur only if the coefficients of the
equation do not depend on streamwise location. It is assumed
that the eddy-viscosity coefficient K is equal to the Clauser
constant k in the defect part of the boundary layer. Thus, the
boundary layer is in equilibrium if the pressure-gradient pa-
rameter {3 is constant and inequality (24) is satisfied. Note that
7w and w are both effectively constant when the inequality is
satisfied.

As Mellor and Gibson’ discovered for the incompressible
problem, the governing equation for compressible equilibrium
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flow is the confluent hypergeometric equation. With the inde-
pendent and dependent variables ’

B(F—5 V
o 1 2B G i)

S =4 f)eN

the linear equilibrium form of Eq. (23) is

27 £
N%+(b—N)%—af=0 (25)

where

a—1<l+ ! ) b—l
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The solution to Eq. (25) that satisfies the far-field boundary
condition f,, = 0 is

f=C{M(a,b,N)

al(l+a->b)

_ N'-6M1+a—-b,2—b, N
b T(+a) (+a )}

where C is an arbitrary constant to be evaluated with an
inner-boundary condition, and M (a, b, N) is Kummer’s func-
tion!2:

a a(a+1)N?
M(a,b,N)-l+bN+b(b+l) 21

The first derivative of f is

i _ a T'(% +a) <_ll >
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_a—iw 3 .
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This derivative is expressed in terms of the gamma functions
T'(¥2 + a) and T'{1 + a) because they both have values very
near 1 for all unfavorable pressure gradients and because their
ratio is evaluated easily for favorable pressure gradients.

Inner Empirical Formulation

The tangential velocity near the wall is obtained from the
combined law of the wall and wake, which is written as

U=u*{g(y")+h@)} @7

where

yr= = —| %
Hw w Pw
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The law of the wall is one of the most well-established
empiricisms in fluid mechanics. Prandtl developed a turbu-
lence model that, when substituted into the inner limit of the
tangential momentum equation, produces the law of the wall.

However, there is no comparable algebraic turbulence model
that produces the law of the wake. In fact, the closed-form
solution that can be obtained to the linear equilibrium form of
Eq. (23) and a Prandtl-like eddy-viscosity model contains a
wake component that differs from the accepted empirical
expression in both sign and form.

Law of the Wall
Prandtl developed an eddy-viscosity model of the form

3
e = of? a—z = pU,8%K, 0= 1y ©28)

where ¢ is the mixing length and « is one of the von Karman
constants. With this model, van Driest!® solved the two-di-
mensional form of Eq. (9), ignoring the viscosity u, for com-
pressible, nonadiabatic flow with a recovery factor of 1. The
van Driest wall function that accommodates an arbitrary re-
covery factor is

g(y+)=1 sin[v(lllny* +B>]
14 K -

+ “l(Tow/Ty) 11 {1 - cos[v(lzn + +B>B
(Taw/ Tow) — (o /pe) Phitd
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where B is the other von Karman constant. This expression is
the outer limit of the inner solution for the tangential velocity.

Law of the Wake

In this treatment, it is required that the law of the wake be
defined only in the inner part of the boundary layer. Conse-
quently, the form of the law of the wake used here contains
only one term:

he) =2 wae (30)

This form of the leading term is used in the empirical formula-
tions of both Coles'* and Moses.!s

Wahls* shows that the coefficient W can be evaluated itera-
tively by curve fitting the values of 2 = U/u* — g and #* at
points near the wall but beyond the point where the inner and
outer solutions are joined. This evaluation procedure for the
law of the wake employs no empirical constants other than
those already used for the law of the wall. Wahls also shows
that the values for the W for adiabatic compressible flow can
be correlated as

W @) = Wi(B) <‘;—)

a=2—exp {—%(1 + 28)'/2}

where W; is obtained from the correlation of White® for in-
compressible equilibrium flow:

W) = n<1—+£)2, n=2 <1+ B)%
K 51\2
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Joining of Solutions

The skin friction is determined by equating the inner and
outer solutions for U at the point where the inner and outer
eddy viscosities are equal. This differs from the more formal
procedures of matching the inner limit of the outer solution to
the outer limit of the inner solution asymptotically. However,
both procedures involve patching the outer and inner eddy-vis-
cosity models at the point where they are equal. Two inner-re-
gion eddy-viscosity models are studied: the Prandtl model and
the simpler linear model. The solution associated with the
Prandtl model is in best agreement with experiment.

Linear Inner Eddy-Viscosity Model

An analytic solution is obtained for compressible equi-
librium flow. This solution is completely compatible with the
law of the wall only for incompressible flow and is generally
incompatible with the law of the wake.

The governing equation for equilibrium compressible flow
with a linear eddy-viscosity model that satisfies inequality (24)
is the confluent hypergeometric equation. The classic linear
eddy-viscosity model for the inner region is

B = pu*ky

which corresponds to

v v
K1 pel”. . _wk | py
=] — n, nS—I:—]
w[pw:l K | Pe

With the transformations

F=r+1, n=-f=

the linear equilibrium form of Eq. (23) becomes

a&f . af .
Ai——=+GB-)——-4df=0
dn? ( ) dn /
where
2B - € 4
G=-1+a i=—22_ b= -S|
1+28 K| pe
Table 1 Comparison of shear-stress velocity ratio
with experiment for adiabatic flow
. u*/U,, u*/U,,
M, B Res* analytical experiment

0 1.888 20,230 0.0291 0.0319
0 7.531 30,692 0.0223 0.0231
1.724 0 4,719 0.0423 0.0414
2.578 0 5,295 0.0431 0.0426
4.544 0 902 0.0556 0.0544

Table 2 Ceomparison of shear-stress velocity ratio

with experiment for nonadiabatic flat-plate flow
u*/Ue, u*/Ue,

M, Taw/ T Res* analytical experiment

4,63 1.00 28,040 0.0392 0.0412
4.69 1.37 23,881 0.0365 0.0376
4.78 1.89 19,040 0.0354 0.0359
4,92 5.41 47,377 0.0260 0.0278
4.88 5.54 38,270 0.0269 0.0285
11.5 2.26 936 0.0480 0.0498

10 1
0.8
o Experiment, Albertson
~— Quter solution

06
v b
Ug

04

0.2

1 | 1 I3 1
1] 0.1 0.2 0.3 0.4 0.5

|

Fig.1 Velocity profile for flat-plate air boundary layer with MM,
=4.92, Re;* = 47,377, Taw/Tw =5.41.

The pertinent solution is

f"=n‘—be””{8mgb-l‘(2—d) Tl +5)UQR-4,2-5, n)
T

+DM(2—d,2—13,n)}
of 1+28 [pw]'/z "
n e

a7 K Pe

x {—Sm;b TQ-4)TQ+B) U —d, —b,n)
T

+D(1—I~))M(1—d,1—l~),n)} 3hH

where the boundary condition f(0) = 0 has been applied and
where the function U (a, b, n) is a tabulated linear combina-
tion of two Kummer functions which contains the logarithm
fa(n) if b is an integer (see Ref. 12). The constants C and D in
Egs. (26) and (31), respectively, are evaluated by equating the
outer and inner expressions for f and 3f/dy at the point where
the outer and inner eddy-viscosity models are equal.

Because the parameter b is scaled by the ratio u*/U, for all
Mach numbers and, hence, is always small, the quantities 1 —
b and 2 — b are, in effect, integers, and the solution contains
a logarithmic term. The solution for the tangential velocity U
is

1oy
K p

{M(é, 1, =M n + (1 + 28)D + 7 cot wd]

I‘(d),»gl 2y +))

— wcot wd + 2y, + ¢(1 — @) -

Y@ +jy —a =) ”)“")’]

(JH?

where v, is the Euler constant and the function y(a) is the
derivative of f» I'(@) with respect to a. This solution agrees
with that of Bogucz and Walker!¢ for incompressible flat-plate
flow.
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Fig. 2 Velocity profile for flat-plate air boundary layer with M,
= 4.88, Rey* = 38,270, Taw/Tw =5.54.

The wake function for this solution is

1 o & ”
h=——— twd +hn+(1+28)D
@ pj§1[7’r cot wd | n+( B)

(@ + /) (=n)’
~ 2L +)) + W@ +j)]%_'i

For incompressible flat-plate flow, this function is

ad —_ J

h=l g o
k=1 Jit

These expressions fail to agree with the empirically observed
function given by Eq. (30); the leading term is linear rather
than quadratic in 4 and has the wrong sign. This failure
indicates the need for an improvement of the linear inner-re-
gion eddy-viscosity model.

Prandt! Inner Eddy-Viscosity Model

"The solution for this model has already been discussed in
conjunction with the inner empirical formulation. The actual
solution involves only the law of the wall; the law of the wake
must be added empirically.

The equations for the point where the Clauser and Prandtl
eddy viscosities are equal is obtained from Egs. (7), 27-29),
and (30) as '

1
12W7, + {cos[u(—&uy,,;“ + B>]
K

WiTW/To=1 [ (1 | ]
T/ T = /0T S‘“[”<x foam B)B"’"

where the subscript m designates values at the patch point.
This procedure is simpler than that used previously by the
author’>% to determine the patch point by equating the outer
and inner solutions for dU/dy. This simpler approach is used
since it has been found that a 40% change in the patch point
location results in no more than 1% change in the value of
u*/U,.

The value of u*/U, is obtained by equating the outer and
inner values of U at the patch point. The expression for the
velocity is

)
Um=Ue+u*<£> =u*{gm+hm]

which can be written as

7 =12 (%))
e m+hm'———' -— -
U. {g Pm L Pe aTI m)

where the derivative of f is evaluated with Eq. (26) for equi-
librium flow, and g,, and 4,, are evaluated with Egs. (29) and
(30), respectively. This equation gives the skin-friction law.

In this paper, the coefficient Cin Eq. (26) is evaluated at the
patch point rather than with the surface boundary condition
f(0)=0 asin Ref. 1. The new procedure appears to be more
accurate and is consistent with the numerical treatment of
Refs. 4-6. With Eq. (12) and the definitions of 4, %, and 4, the
governing equation for the van Driest law of the wall is ob-
tained from Egs. (9) and (28) as

[_&]”.@i_i_ [o_]a_f
ow] Ondn ki | p] OF

With this equation and integration by parts, an expression for
J near the wall is derived as

7 . 1 ] 3,
f;j Bj—fd*=ﬁa—{——j [ﬁ] di
0 97 9« Jo Lee

This equation is evaluated at #,, with the outer solution using
Eq. (26) and the comparable equation for f. The resulting
expression for C is

1{™] o]
C=)1-- —| di{)M(a, 2, Ny)
K Jo Pe.

a T+a) .
@ A k1 T+ a) O T M@, 3, No)

L [ a (% +a)
| W@ - v5) wk]% T( +a)

M(a - Y%, %, Ny)

- (;lm — 1,'wlw)
wk

-1
M(0,3/2, Nm):l} eNm

where

0.2 0o Experiment, Watson

— Outer solution

0 0.25 050 075 1.00 1.25
i

Fig. 3 Velocity and density profiles for flat-plate helium boundary
layer with M, = 11.5, Res* = 936, Taw/Ty = 2.26.
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4 o
U-Ue o M = 4.63, Reg* = 28,040

a o]
u* L o Experiment, Lee, Yanta and Leonas
6y —— Outer solution
M, = 4.54, Reg* = 902
-8 o Experiment, Coles and Hirst
2 — — Outer solution
_-‘0 1 I3 i 1 J
4] 0.1 0.2 0.3 0.4 0.5

1

Fig. 4 Defect velocity profiles for flat-plate air boundary layers with
Taw/Tw =1.0.

The streamwise gradient of u*/U, is
3 * *\2 . a'
255 s 4
ax Ue Ue a'f) m

Thus, this derivative is, in fact, of second order in u*/U, so
that its neglect earlier is justified.

Results

Both analytical and numerical results of the adiabatic form
of the present method have been compared with experiment
for a number of compressible and incompressible equilibrium
turbulent flows.!"4% The experimental values are obtained
from the data compilations of Coles and Hirst!” and Fernholz
and Finley. '8 Some of the comparisons of shear-stress velocity
to edge velocity ratios are given in Table 1. With one excep-
tion, the values for the ratio are within 4% of the relevant
experimental values. This difference is at least comparable to
experimental error. ;

Analytic results calculated with the nonadiabatic form of
the present method have been compared with experiment for a
number of compressible flat-plate flows. The experimental
data that have been used have been measured by Lee et al.,!®
Albertson,?® and Watson.2! Analytic and experimental values
for the shear-stress velocity to edge velocity ratio are com-
pared in Table 2. The analytic values are within 7% of the
relevant experimental values.

Analytic results for velocity profiles of nonadiabatic flows
are compared with the experimental data of Albertson?® in
Figs. 1 and 2. The agreement between theory and experiment
is good except near the wall where there is a small excursion in
the experimental data.

Theoretical results for velocity and density profiles are com-
pared with the results of Watson?! for helium in Fig. 3. The
density comparison shows that the present approximate
Crocco equation is effective even for this rather severe case.

Substantial differences éxist between the analytic velocity-
profile results and the experimental data of Lee et al.!® These
differences are illustrated in Fig. 4 by a comparison of data for
an adiabatic case from Ref. 19, adiabatic data for a compara-
ble Mach number from Ref. 17, and the corresponding theo-
retical results. Both theoretical velocity profiles and the exper-
imental profile of Ref. 17 agree closely and disagree sharply
with the experimental profile of Ref. 19.

Conclusion
A closed-form solution for the flow angle variation near the
wall of a three-dimensional turbulent boundary layer has been
derived using a law-of-the-wall formulation.

The zero-order form of the defect steam function formula-
tion for compressible nonadiabatic flow has been developed.
This approximate formulation is shown to predict skin friction
accurately for some two-dimensional adiabatic flows and non-
adiabatic flat-plate flows.

With the present approximate formulation, the small-cross-
flow form of the three-dimensional boundary-layer equation
is found to be identical to that for two-dimensional flow. This
result occurs because the first integral property of the approx-
imate formulation removes the explicit dependence on stream-
line curvature.
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